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Reducing to Homogeneous Form

Consider the differential equation of the form:

dy

dx
=

ax + by + c

a′x + b′y + c′

To reduce it to homogeneous form, we use the substitution:

x = X + h, y = Y + k

The constants h and k are chosen such that the equation becomes homogeneous in X and Y .

Substitute into the equation to get:

dY

dX
=

a(X + h) + b(Y + k) + c

a′(X + h) + b′(Y + k) + c′

Simplify the equation:
dY

dX
=

aX + bY + (ah + bk + c)

a′X + b′Y + (a′h + b′k + c′)

For the equation to be homogeneous, the constant terms must vanish:

ah + bk + c = 0, a′h + b′k + c′ = 0

Solve these simultaneous equations to find h and k.
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Special Cases and Limitations

The simultaneous equations:
ah + bk + c = 0, a′h + b′k + c′ = 0

may not always have a unique solution.

For a unique solution to exist, the determinant of the system must be non-zero:

a

a′
̸=

b

b′ or equivalently ab′ ̸= a′b

If a
a′ = b

b′ = c
c′ , then all terms are proportional, and the equation reduces to:

dy

dx
=

ax + by + c

ax + by + c
= 1 ⇒ y = x + C

If the constants a, b, c, a′, b′, c′ do not allow such proportional simplification and the determinant
vanishes, the method fails.

In that case, an alternative method (like an integrating factor or substitution based on symmetry) may
be needed.
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Example: Solve dy
dx = x−4y−1

x+y+5

We are given the differential equation:
dy

dx
=

x − 4y − 1

x + y + 5

Compare with general form:
dy

dx
=

ax + by + c

Ax + By + C

with: a = 1, b = −4, c = −1, A = 1, B = 1, C = 5

This is not homogeneous, so we make the substitution:

x = X + h, y = Y + k

To remove constant terms, solve:

h − 4k − 1 = 0, h + k + 5 = 0 ⇒ h = −2, k = −3

New variables:

x = X − 2, y = Y − 3 ⇒
dY

dX
=

X − 4Y

X + Y

Let Y = vX so that:
dY

dX
= v + X

dv

dX
⇒ v + X

dv

dX
=

1 − 4v

1 + v
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Separating the Variables

Rearranging:

X
dv

dX
=

1 − 4v

1 + v
− v =

1 − 4v − v(1 + v)

1 + v

Expand and simplify numerator:

1 − 4v − v − v2 = 1 − 5v − v2 ⇒
dv

dX
=

1 − 5v − v2

X (1 + v)

Separate variables: ∫
1 + v

1 − 5v − v2
dv =

∫
1

X
dX

Integrate the right-hand side: ∫
1

X
dX = ln |X | + c
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Solving the Integral and Final Answer

The left-hand side integral is solved using the identity:∫
1 + v

1 − 5v − v2
dv =

1

2
ln |1 − 5v − v2| + tan−1

(
2v + 5
√
D

)
where D is the discriminant. But for this case, directly:

=
1

2
ln(1 − 5v − v2) − tan−1(v + 2.5) + c

Now substitute back v = Y
X , and then Y = y + 3, X = x + 2

Use identity: (
Y

X

)2

+ 1 =
X 2 + Y 2

X 2
⇒

1

2
ln
(
X 2 + Y 2

)
+ tan−1

(
Y

X

)
Final answer:

1

2
ln
[
(x + 2)2 + (y + 3)2

]
+ tan−1

(
y + 3

x + 2

)
= c
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Example: Solve (4x + 6y + 5) dy = (3y + 2x + 5) dx

Rewrite in the form:
dy

dx
=

3y + 2x + 5

4x + 6y + 5

Let v = 2x + 3y , inspired by matching coefficients:

a = 2, b = 3; a′ = 4, b′ = 6;
a

a′
=

b

b′

Then:
dy

dx
=

v + 5

2v + 5

Rearranged:
1

2
·
dv

dx
=

v + 5

2v + 5
⇒

dv

dx
=

2(v + 5)

2v + 5
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Solving the Separated Equation

Rearranging:
2v + 5

v + 5
dv = dx

Use algebra:
2v + 5

v + 5
= 2 −

5

v + 5

Integrate: ∫ (
2 −

5

v + 5

)
dv =

∫
dx

Which gives:
2v − 5 ln |v + 5| = x + c

Substitute back v = 2x + 3y :
2(2x + 3y) − 5 ln |2x + 3y + 5| = x + c
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