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Moment Definition

Let X ~ B(n, p) be a binomial random variable.
——

@ The r** order moment about origin:

@E(xf)zzi- (x:x)[
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Moment Definition

Let X ~ B(n, p) be a binomial random variable.

@ The r** order moment about origin:
ur = E(X Zx -P(X

@ For the first-order moment (mean):

= E(X)
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Moment Definition

Let X ~ B(n, p) be a binomial random variable.

@ The r** order moment about origin:
ur = E(X Zx -P(X
@ For the first-order moment (mean):

= E(X)

@ Use binomial PMF: P(X = x) = (Q)pxq”fx where g=1-p

— P— —  —
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Substitute Binomial PMF

@ Substituting into the formula:
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Substitute Binomial PMF

@ Substituting into the formula:

@ First term with x = 0 is zero, so start from x =1

n
/ _ . n X _Nn—X
H1 = ;:1 X <X>P q
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Substitute Binomial PMF

@ Substituting into the formula:
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Index Substitution

@ Factor out constants:
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Index Substitution

@ Factor out constants:
n—1 x—1 _n—x
py = np> P 'q

@QLet r=x—-1=>x=r+1
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Index Substitution

@ Factor out constants:
n—1 x—1 n—x
Ml = np E (x . 1> q

@Llet r=x—1=x=r+1
@ Change limits: x=1=r=0,x=n=r=n-1

b
pi=n Z;( . )prq"l’
=
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Final Result and Mean

@ Recognize binomial expansion:

Bindeshwar Singh Kushwaha (PostNetwork Academy) Moments of Binomial Distribution



Final Result and Mean

@ Recognize binomial expansion:

@ Since p + g =1, this becomes 1
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Final Result and Mean

@ Recognize binomial expansion:

@ Since p + g =1, this becomes 1

@ Therefore:
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Final Result and Mean

@ Recognize binomial expansion:

@ Since p + g =1, this becomes 1
@ Therefore:
p1=np-1=np

@ Mean of the Binomial Distribution:

Bindeshwar Singh Kushwaha (PostNetwork Academy) Moments of Binomial Distribution



Second Moment: ;) = E(X?)

@ Start with:

g =E(X*) =) (X!> P(X = x)
x=0
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Second Moment: ;) = E(X?)

@ Start with:

n

py =E(X*) = x> P(X = x)

@ Use binomial PMF: P(X = x) = ([)p*q" ™~

X
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Second Moment: ;) = E(X?)

@ Start with:

n

py =E(X*) = x> P(X = x)

@ Use binomial PMF: P(X = x) = ([)p*q" ™~

X

@ Hence:
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Second Moment: ;) = E(X?)

@ Start with:

n

py =E(X*) = x> P(X = x)
x=0 \

@ Use binomial PMF: P(X = x) = ([)p*q" ™~

X

@ Hence:

R L%
@ Write x* = x(x — 1) + x V
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Split the Summation

@ Split into two parts:
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Split the Summation

@ Split into two parts:

o Use identity: x(x —1)(") = n(n—1)(""2)

n
X

N
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Split the Summation

@ Split into two parts:

gy =Y x(x—1) (Z) P q"*

x=0

@ Use identity: x(x —1)(") = n(n—1)("~2)

n
X x—=2

@ So,
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Split the Summation

@ Split into two parts:

o Use identity: x(x —1)(") = n(n—1)(""2)

n
X

@ So,
I - n—2 X _n—x /
p2 = n(n—1) MDY AR

@ Change index: let r=x—-2=x=r+2
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@ The sum becomes:
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Index Change and Simplification

@ The sum becomes:

@ Factor out p*:
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Index Change and Simplification

@ The sum becomes:

@ Factor out p*:

@ So,
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Variance of Binomial Distribution

@ Recall:
py =E(X) =np, pp=E(X?)
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Variance of Binomial Distribution

@ Recall:
py =E(X) =np, pp=E(X?)

Var(X) @ (i)’

@ Variance:
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Variance of Binomial Distribution

@ Recall:
py =E(X) =np, pp=E(X?)
@ Variance:
Var(X) = p5 — (11)?
@ Substituting:
Var(X) = n(n—1)p* + np — (np)°
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Variance of Binomial Distribution

@ Recall:
py =E(X) =np, pp=E(X?)

@ Variance:

Var(X) = p5 — (11)?
@ Substituting:
Var(X) = n(n—1)p* + np — (np)°

@ Simplify:
= n(n—1)p* +np —n’p* = fip(1— p)| — /| b

Moments of Binomial Distribution
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ird Moment: p} = E(X3)

@ Start with:

=3 rx =x)
x=0 —_—
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ird Moment: p} = E(X3)

@ Start with:

@ Use PMF: P(X =x) = (0)p*q" "
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Third Moment: ;5 = E(X3)

@ Start with:

@ Use PMF: P(X =x) = (0)p*q" "

@ Write x® = x(x — 1)(x — 2) + 3x(x — 1) + x

1 = Z[X(X —1)(x —2)+3x(x — 1) + x] <Z> o g™

x=0
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Split into Three Summations

@ Break into three sums:

ps = Zx(x —1)(x—2) (Z) p¢" 7 +3 Z x(x —1) (Z) pq" "+ Zx <)’Z> prq" "

B

-
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Split into Three Summations

@ Break into three sums:

ps = Zx(x —1)(x—2) (Z) p¢" 7 +3 Z x(x —1) (Z) pq" "+ Zx <)’Z> prq" "
@ Use identities:
x(x —1)(x —2) (Z) =n(n—1)(n—2) (Z : i)

n n—2
X(X1)<X> n(nl)(x_2>
n\ _ n—1
X X =N x—1
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Substitute and Simplify

@ First sum becomes:

n(n—1)(n—2)p* " (Z - g) P = n(n—1)(n — 2)p’

x=3
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Substitute and Simplify

@ First sum becomes:
3 - n—3\ 43 n-x o 3
n(n—1)(n—2)p w_3]P a T =nln—1)(n=2)p
3

@ Second sum:
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Substitute and Simplify

@ First sum becomes:
3 - n—3\ 43 n-x o 3
n(n—1)(n—2)p w_3]P a T =nln—1)(n=2)p
3
@ Second sum:

@ Third sum:
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Substitute and Simplify

@ First sum becomes:
n(n—1)(n—2)p° (
3

@ Second sum:

3n(n—1)p°
@ Third sum:
np
[+ ] So, _/__—-—"’f
| s = n(n—1)(n—2)p> 4+ 3n(n—1)p° + np

—
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Central Moment and Skewness

@ Mean:
i =E(X) = np
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Central Moment and Skewness

@ Mean:
i =E(X) = np

@ Variance:
p2 = Var(X) = npq
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Central Moment and Skewness

@ Mean:
i =E(X) = np

@ Variance:
p2 = Var(X) = npq

@ Third central moment:
ps = g — 3papy + 2(py)°

Bindeshwar Singh Kushwaha (PostNetwork Academy) Moments of Binomial Distribution



Central Moment and Skewness

@ Mean:

i =E(X) = np
@ Variance:

p2 = Var(X) = npq
@ Third central moment:
ps = g — 3papy + 2(py)°

@ Substituting:

us = npg(1 —2p)
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Fourth Raw Moment:

@ Start with:
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Fourth Raw Moment: ), = E[X*]

@ Start with:

o Expand x* as:
.

x* = x(x = 1)(x — 2)(x — 3) + 6x(x — 1)(x — 2) + 7x(x — 1) + x ’
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Fourth Raw Moment: ), = E[X*]

@ Start with:

o Expand x* as:
x* = x(x = 1)(x — 2)(x — 3) + 6x(x — 1)(x — 2) + 7x(x — 1) + x

@ Substitute into summation:
pa = pa + 6pz + T + i

Bindeshwar Singh Kushwaha (PostNetwork Academy) Moments of Binomial Distribution



Substitute in Terms of n, p

@ From binomial properties, we know:

p1=np, p2=npq, j3=npq(l—2p)
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Substitute in Terms of n, p

@ From binomial properties, we know:
p1=np, p2=npq, j3=npq(l—2p)
@ Raw fourth moment becomes:

s = n(n—1)(n—2)(n—3)p" +6n(n—1)(n—2)p> +7n(n—1)p° + np
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Substitute in Terms of n, p

@ From binomial properties, we know:
p1=np, p2=npq, 3= npq(l—2p)
@ Raw fourth moment becomes:
s = n(n—1)(n—2)(n—3)p" +6n(n—1)(n—2)p> +7n(n—1)p° + np
@ Simplified central moment:

pia = piy — Apspn + 6p5(p1)” — 3(pa)*
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Skewness and Kurtosis for Binomial
b
2

Oy ) €2 bel
VB =t =20 l-b"la _ /_2b

—Fi\/ﬁ— =
\]'Y!b?/ \|157

@ Skewness:
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Skewness and Kurtosis for Binomial

@ Skewness:

’

= 15 {npq(q—p)]2 _(g—p)
13 (npq)3/2 npq

H3 qg—pP
=V ="—5=
VT e

@ Kurtosis:

1—
o= 4 — 34 1000
M5 npq
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Skewness and Kurtosis for Binomial

@ Skewness:

’

= 15 {npq(q—p)]2 _(g—p)
13 (npq)3/2 npq

H3 qg—pP
=V ="—5=
VT e

@ Kurtosis:

ﬁz—ﬂ—3+71_6pq
=5 =

@ Excess Kurtosis:

1—-6
=B -3k ="2P4

—_ N\ "Pq
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Summary

@ 1 = np, p2 = npq
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Summary

@ 1 = np, p2 = npq
® 3 = npq(1—2p)
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® 1= np, 2 = npq
® 3 = npq(1—2p)
® pa = npq[l + 3(n — 2)pq]
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® i1 = np, p2 = npq

® 3 = npq(1—2p)

® pa = npq[l + 3(n — 2)pq]
@ Skewness:

Q
I
o

M=

3

np
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® i1 = np, p2 = npq

® 3 = npq(1—2p)

® pa = npq[l + 3(n — 2)pq]
@ Skewness:

= 9P
\/npq
@ Kurtosis:
5 1-6pq
2 = —
npq
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Reach PostNetwork Academy

www.postnetwork.co
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Reach PostNetwork Academy

www.postnetwork.co

YouTube Channel

www.youtube.com/@postnetworkacademy
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Reach PostNetwork Academy

www.postnetwork.co

YouTube Channel

www.youtube.com/@postnetworkacademy

Facebook Page

www.facebook.com/postnetworkacademy
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Reach PostNetwork Academy

www.postnetwork.co

YouTube Channel

www.youtube.com/@postnetworkacademy

Facebook Page

www.facebook.com/postnetworkacademy

LinkedIn Page

www.linkedin.com/company /postnetworkacademy

Bindeshwar Singh Kushwaha (PostNetwork Academy) Moments of Binomial Distribution 18 /19



Reach PostNetwork Academy

www.postnetwork.co

YouTube Channel

www.youtube.com/@postnetworkacademy

Facebook Page

www.facebook.com/postnetworkacademy

LinkedIn Page

www.linkedin.com/company /postnetworkacademy

GitHub Repositories

www.github.com/postnetworkacademy
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Thank You!
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