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Linear Dependence and Independence

Le@be a vector space over a ﬁelc@
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Linear Dependence and Independence

Let V be a vector space over a field K.

Definition:
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Linear Dependence and Independence

Let V be a vector space over a field K.

Definition:
e Vectors vi, vp, ..., v, in V are linearly dependent if there exist scalars
ai, ax,...,an In K, not all zero, such that: —

l’mz/v;-~-+amvm=0 "
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Linear Dependence and Independence

Let V be a vector space over a field K.

Definition:
e Vectors vi, vp, ..., v, in V are linearly dependent if there exist scalars
ai, az,...,am in K, not all zero, such that:

avi+ava+ -+ anvy, =0

o Otherwise, the vectors are linearly independent.
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Restated Definition

Consider the vector equation:
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Restated Definition

Consider the vector equation:

X1+ xova+ 4 XV =0 (%)
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Restated Definition

Consider the vector equation:

X1+ xova+ 4 XV =0 (%)

e The zero solution: Exl = Ol@, coofm = 0.
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Restated Definition

Consider the vector equation:

X1+ xova+ 4 XV =0 (%)

e The zero solution: x; =0,x, =0,...,x, =0.

o If this is the only solution, the vectors are linearly independent.
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Restated Definition

Consider the vector equation:

X1+ xova+ 4 XV =0 (%)

e The zero solution: x; =0,x% =0,...,x, =0.
e If this is the only solution, the vectors are linearly independent.

e If a nonzero solution exists, the vectors are linearly dependent.
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Set of Vectors

o Aset S={vi,vs,..., vy} is linearly dependent or independent depending on the
vectors in the set. =
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Set of Vectors

o Aset S={vi,va,...,Vp} is linearly dependent or independent depending on the
vectors in the set.

e An infinite set is linearly dependent if there exist vectors that are linearly
dependent within it.
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Linear Dependence in R3

o (a) Any two vectors u and v in(R3)are linearly dependent if and only if they lie
on the same line through the origin.
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Linear Dependence in R3

o (a) Any two vectors u and v in R® are linearly dependent if and only if they lie
on the same line through the origin.

o (b) Any three vectors u, v, w in R? are linearly dependent if and only if they lie
on the same plane through the origin.
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Linear Dependence in R3

o (a) Any two vectors u and v in R® are linearly dependent if and only if they lie
on the same line through the origin.

o (b) Any three vectors u, v, w in R? are linearly dependent if and only if they lie
on the same plane through the origin.

e Any four or more vectors in R® are automatically linearly dependent.
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Example: Two Vectors on the Same Line
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Example: Two Vectors on the Same Line

2 ’
3

Observation: Both vectors lie on the same line through the origin = they are
linearly dependent.

X

2
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Example: Three Vectors on the Same Plane
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Example: Three Vectors on the Same Plane

X

2

Observation: All three vectors lie on the same plane through the origin = they are
linearly dependent.
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(] Let U:(]-,]-,O); V:(17372)7 W:(47975
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o Let u=(1,1,0), v=(1,3,2), w = (4,9,5)
e Then u, v, w are linearly dependent, because:

3u+5v — 2w = 3(1,1,0) + 5(1,3,2) — 2(4,9,5) = (0,0,0)
N

™
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o Let u=(1,1,0), v=(1,3,2), w = (4,9,5)
e Then u, v, w are linearly dependent, because:

3u+5v — 2w = 3(1,1,0) + 5(1,3,2) — 2(4,9,5) = (0,0,0)

e Non-trivial solution exists = Linearly Dependent.
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o Vectors: u=(1,2,3), v=(2,5,7), w=(1,3,5)
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o Vectors: u=(1,2,3), v=(2,5,7), w=(1,3,5)

o Consider the equation: xu + yv +zw =0
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o Vectors: u=(1,2,3), v=(2,5,7), w=(1,3,5)
o Consider the equation: xu+ yv +zw =0
1 2 1 0
x |2 +y |5 +z|3| =10
3 7 5 0
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o Vectors: u=(1,2,3), v=(2,5,7), w=(1,3,5)

o Consider the equation: xu+ yv +zw =0

1 2 1 0
x |2 +y |5 +z|3| =10
3 7 5 0

o Which gives:
xX+2y+z=0
2x +5y +3z=0
3Xx+T7y+5z=0
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o Vectors: u=(1,2,3), v=(2,5,7), w=(1,3,5)
e Consider the equation: %I + 55' + b7 :@

1 2 1 0
x |2l +y |5 +2z|3| = |0
3 7 5 0
o Which gives:

xX+2y+z=0

2x +5y +3z=0

3x+7y+5z=0

e Back-substitution gives x =0, y = =
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o Vectors: u=(1,2,3), v=(2,5,7), w=(1,3,5)

o Consider the equation: xu+ yv +zw =0

1 2 1 0
x |2 +y |5 +z|3| =10
3 7 5 0
o Which gives:
xX+2y+z=0

2x+5y+3z=0
3x+7y+5z=0

e Back-substitution gives x =0,y =0,z=0
e Only trivial solution = Linearly Independent.
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e Vector space of functions from R to R
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e Vector space of functions from R to R

o Functions: f(t) =sint, g(t) = €', h(t) = t3
\ /
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e Vector space of functions from R to R
o Functions: f(t) =sint, g(t) = €', h(t) = t3
e Form the equation: xf + yg +zh =10
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e Vector space of functions from R to R
o Functions: f(t) =sint, g(t) = €', h(t) = t3
e Form the equation: xf + yg +zh =10

xsint + yet + zt> = 0
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e Vector space of functions from R to R
o Functions: f(t) =sint, g(t) = €', h(t) = t3
e Form the equation: xf + yg +zh =10

xsint + yet + zt> = 0

o Substitute t =0: x(0)+y(1) +2z(0)=0 = y=0
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e Vector space of functions from R to R
o Functions: f(t) =sint, g(t) = €', h(t) = t3
e Form the equation: xf + yg +zh =10

xsint + yet + zt> = 0

o Substitute t =0: x(0)+y(1) +2z(0)=0 = y=0
o Substitute t =m:  x(0) +y(e™) +z(m?)=0 = z=0
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e Vector space of functions from R to R
o Functions: f(t) =sint, g(t) = €', h(t) = t3
e Form the equation: xf + yg +zh =10

xsint + yet + zt> = 0
o Substitute t =0:  x(0) + y(1) + z(0) = = y=0

o Substitute t = m:  x(0) + y(e™) + z(7? ) 0 = z=0
o Substitute t =2:  x(1) + y(e™?) +z (”{ =0 = x=0
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e Vector space of functions from R to R
o Functions: f(t) =sint, g(t) = €', h(t) = t3

e Form the equation:

e Substitute t = 0:
e Substitute t = m:

e Substitute t = 3

xt +yg+zh=0

xsint + yet + zt> = 0

I
o

x(0) +y(1) + 2(0) =y

d)+y(ﬂ+2(7=
x(1) + y( W2+z(>

e Only trivial solution = Linearly Independent.
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Remarks with Numerical Examples

e Remark 1: Suppose 0] the vectors vi, va, ..., vV, say vy = 0. Then the
vectors must be linearly dependent.

Clr2,0>, (2,3, ,) (O, 0, O)‘/
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Remarks with Numerical Examples

o Remark 1: Suppose 0 is one of the vectors vy, va, ..., vy, say v = 0. Then the
vectors must be linearly dependent.

o Example: Let vy = (0,0), v» = (1,2). Linear combination: 1-v; +0-v, =0
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Remarks with Numerical Examples

o Remark 1: Suppose 0 is one of the vectors vy, va, ..., vy, say v = 0. Then the
vectors must be linearly dependent.

o Example: Let vy = (0,0), v» = (1,2). Linear combination: 1-v; +0-v, =0
e Remark 2: A nonzero vector v is linearly independent by itself because

kv =0= k=Q.
“é'g'q') 6;23 yzlg,"') =0
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Remarks with Numerical Examples

o Remark 1: Suppose 0 is one of the vectors vy, va, ..., vy, say v = 0. Then the
vectors must be linearly dependent.

o Example: Let vy = (0,0), v» = (1,2). Linear combination: 1-v; +0-v, =0
e Remark 2: A nonzero vector v is linearly independent by itself because
kv=0= k=0.
o Example: Let v = (2,3), then k(2,3) = (0,0) implies k =0
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Remarks with Numerical Examples

o Remark 1: Suppose 0 is one of the vectors vy, va, ..., vy, say v = 0. Then the
vectors must be linearly dependent.

o Example: Let vy = (0,0), v» = (1,2). Linear combination: 1-v; +0-v, =0
e Remark 2: A nonzero vector v is linearly independent by itself because
kv =0= k=0.
o Example: Let v = (2,3), then k(2,3) = (0,0) implies k =0
e Remark 3: If two vectors are scalar multiples of each other, they are linearly

dependent.
Y :(2, ¥, g)y-’@’/g/ Io)

Q=2
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Remarks with Numerical Examples

o Remark 1: Suppose 0 is one of the vectors vy, va, ..., vy, say v = 0. Then the
vectors must be linearly dependent.

o Example: Let vy = (0,0), v» = (1,2). Linear combination: 1-v; +0-v, =0
e Remark 2: A nonzero vector v is linearly independent by itself because
kv =0= k=0.
o Example: Let v = (2,3), then k(2,3) = (0,0) implies k =0
e Remark 3: If two vectors are scalar multiples of each other, they are linearly
dependent.

o Example: Let vi = (2,4), v» = (1,2), here vi = 2w,
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Remarks with Numerical Examples

o Remark 1: Suppose 0 is one of the vectors vy, va, ..., vy, say v = 0. Then the
vectors must be linearly dependent.

o Example: Let vy = (0,0), v» = (1,2). Linear combination: 1-v; +0-v, =0
e Remark 2: A nonzero vector v is linearly independent by itself because
kv =0= k=0.
o Example: Let v = (2,3), then k(2,3) = (0,0) implies k =0
e Remark 3: If two vectors are scalar multiples of each other, they are linearly
dependent.
o Example: Let vi = (2,4), v» = (1,2), here vi = 2w,
e Remark 4: Two vectors are linearly dependent if and only if one is a scalar
multiple of the other.
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Remarks with Numerical Examples

o Remark 1: Suppose 0 is one of the vectors vy, va, ..., vy, say v = 0. Then the
vectors must be linearly dependent.

o Example: Let vy = (0,0), v» = (1,2). Linear combination: 1-v; +0-v, =0
e Remark 2: A nonzero vector v is linearly independent by itself because
kv=0= k=0.
o Example: Let v = (2,3), then k(2,3) = (0,0) implies k =0
e Remark 3: If two vectors are scalar multiples of each other, they are linearly
dependent.
o Example: Let vi = (2,4), v» = (1,2), here vi = 2w,
e Remark 4: Two vectors are linearly dependent if and only if one is a scalar
multiple of the other.
o Example: Let vi =(3,6), v» = (1,2), u =3 X w»
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Remarks with Numerical Examples

o Remark 1: Suppose 0 is one of the vectors vy, va, ..., vy, say v = 0. Then the
vectors must be linearly dependent.

o Example: Let vy = (0,0), v» = (1,2). Linear combination: 1-v; +0-v, =0
e Remark 2: A nonzero vector v is linearly independent by itself because
kv =0= k=0.
o Example: Let v = (2,3), then k(2,3) = (0,0) implies k =0
e Remark 3: If two vectors are scalar multiples of each other, they are linearly
dependent.
o Example: Let vi = (2,4), v» = (1,2), here vi = 2w,
e Remark 4: Two vectors are linearly dependent if and only if one is a scalar
multiple of the other.
o Example: Let vi =(3,6), v» = (1,2), u =3 X w»
e Remark 5: If a set is linearly independent, any rearrangement is also linearly
independent.
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Remarks with Numerical Examples

o Remark 1: Suppose 0 is one of the vectors vy, va, ..., vy, say v = 0. Then the
vectors must be linearly dependent.

o Example: Let vy = (0,0), v» = (1,2). Linear combination: 1-v; +0-v, =0
e Remark 2: A nonzero vector v is linearly independent by itself because
kv =0= k=0.
o Example: Let v = (2,3), then k(2,3) = (0,0) implies k =0
e Remark 3: If two vectors are scalar multiples of each other, they are linearly
dependent.
o Example: Let vi = (2,4), v» = (1,2), here vi = 2w,
e Remark 4: Two vectors are linearly dependent if and only if one is a scalar
multiple of the other.
o Example: Let vi =(3,6), v» = (1,2), u =3 X w»
e Remark 5: If a set is linearly independent, any rearrangement is also linearly
independent.
o Example: If {(1,0),(0,1)} is independent, then {(0,1),(1,0)} is also independent.
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Remarks with Numerical Examples

o Remark 1: Suppose 0 is one of the vectors vy, va, ..., vy, say v = 0. Then the
vectors must be linearly dependent.

o Example: Let vy = (0,0), v» = (1,2). Linear combination: 1-v; +0-v, =0
e Remark 2: A nonzero vector v is linearly independent by itself because
kv =0= k=0.
o Example: Let v = (2,3), then k(2,3) = (0,0) implies k =0
e Remark 3: If two vectors are scalar multiples of each other, they are linearly
dependent.
o Example: Let vi = (2,4), v» = (1,2), here vi = 2w,
e Remark 4: Two vectors are linearly dependent if and only if one is a scalar
multiple of the other.
o Example: Let vi =(3,6), v» = (1,2), u =3 X w»
e Remark 5: If a set is linearly independent, any rearrangement is also linearly
independent.
o Example: If {(1,0),(0,1)} is independent, then {(0,1),(1,0)} is also independent.
e Remark 6: Any subset of a linearly independent set is linearly independent.
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Remarks with Numerical Examples

o Remark 1: Suppose 0 is one of the vectors vy, va, ..., vy, say v = 0. Then the
vectors must be linearly dependent.

o Example: Let vy = (0,0), v» = (1,2). Linear combination: 1-v; +0-v, =0
e Remark 2: A nonzero vector v is linearly independent by itself because
kv =0= k=0.
o Example: Let v = (2,3), then k(2,3) = (0,0) implies k =0
e Remark 3: If two vectors are scalar multiples of each other, they are linearly
dependent.
o Example: Let vi = (2,4), v» = (1,2), here vi = 2w,
e Remark 4: Two vectors are linearly dependent if and only if one is a scalar
multiple of the other.
o Example: Let vi =(3,6), v» = (1,2), u =3 X w»
e Remark 5: If a set is linearly independent, any rearrangement is also linearly
independent.
o Example: If {(1,0),(0,1)} is independent, then {(0,1),(1,0)} is also independent.
e Remark 6: Any subset of a linearly independent set is linearly independent.
o Example: If {(1,0),(0,1),(1,1)} is independent, then {(1,0),(0,1)} is also independent.
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