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Poisson Distribution

@ In binomial distributions, we deal with events whose occurrences and non-occurrences are almost equally

important.
—_—
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Poisson Distribution

@ In binomial distributions, we deal with events whose occurrences and non-occurrences are almost equally
important.

@ However, in some real-life situations:
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Poisson Distribution

@ In binomial distributions, we deal with events whose occurrences and non-occurrences are almost equally
important.

@ However, in some real-life situations:

o Events do not occur as outcomes of fixed number of trials.
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Poisson Distribution

@ In binomial distributions, we deal with events whose occurrences and non-occurrences are almost equally
important.

@ However, in some real-life situations:

o Events do not occur as outcomes of fixed number of trials.
o Events occur randomly over time.
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Poisson Distribution

@ In binomial distributions, we deal with events whose occurrences and non-occurrences are almost equally
important.

@ However, in some real-life situations:

o Events do not occur as outcomes of fixed number of trials.
o Events occur randomly over time.
o Interest lies only in the number of occurrences.
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Poisson Distribution

@ In binomial distributions, we deal with events whose occurrences and non-occurrences are almost equally
important.

@ However, in some real-life situations:

o Events do not occur as outcomes of fixed number of trials.
o Events occur randomly over time.
o Interest lies only in the number of occurrences.

@ Examples:
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Poisson Distribution

@ In binomial distributions, we deal with events whose occurrences and non-occurrences are almost equally
important.

@ However, in some real-life situations:

o Events do not occur as outcomes of fixed number of trials.
o Events occur randomly over time.
o Interest lies only in the number of occurrences.

@ Examples:

o Number of printing mistakes per page in a book.
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Poisson Distribution

@ In binomial distributions, we deal with events whose occurrences and non-occurrences are almost equally
important.

@ However, in some real-life situations:

o Events do not occur as outcomes of fixed number of trials.
o Events occur randomly over time.
o Interest lies only in the number of occurrences.

@ Examples:

o Number of printing mistakes per page in a book.
e Number of defects in production per item.
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Poisson Distribution

@ In binomial distributions, we deal with events whose occurrences and non-occurrences are almost equally
important.

@ However, in some real-life situations:

o Events do not occur as outcomes of fixed number of trials.
o Events occur randomly over time.
o Interest lies only in the number of occurrences.

@ Examples:

o Number of printing mistakes per page in a book.
e Number of defects in production per item.
e Number of accidents during a time interval.
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Poisson Distribution (contd.)

@ Such cases are not suited for binomial distribution because:

——

>
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@ Such cases are not suited for binomial distribution because:

o Number of trials n is not definite.
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@ Such cases are not suited for binomial distribution because:

o Number of trials n is not definite.
e Probability of success p is very small.
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@ Such cases are not suited for binomial distribution because:

o Number of trials n is not definite.
e Probability of success p is very small.

@ In such cases, Poisson distribution is used.
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@ Such cases are not suited for binomial distribution because:

o Number of trials n is not definite.
e Probability of success p is very small.

@ In such cases, Poisson distribution is used.

@ Introduced by S.D. Poisson in 1837.
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@ Such cases are not suited for binomial distribution because:

o Number of trials n is not definite.
e Probability of success p is very small.

In such cases, Poisson distribution is used.

Introduced by S.D. Poisson in 1837.

@ Poisson is a limiting case of binomial distribution under:
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@ Such cases are not suited for binomial distribution because:

o Number of trials n is not definite.
e Probability of success p is very small.

In such cases, Poisson distribution is used.

Introduced by S.D. Poisson in 1837.

@ Poisson is a limiting case of binomial distribution under:

e n— o0

Bindeshwar Singh Kushwaha Understand Poisson Distribution



@ Such cases are not suited for binomial distribution because:

o Number of trials n is not definite.
e Probability of success p is very small.

In such cases, Poisson distribution is used.

Introduced by S.D. Poisson in 1837.

@ Poisson is a limiting case of binomial distribution under:

e n— o0
e p—0
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@ Such cases are not suited for binomial distribution because:

o Number of trials n is not definite.
e Probability of success p is very small.

In such cases, Poisson distribution is used.

Introduced by S.D. Poisson in 1837.

@ Poisson is a limiting case of binomial distribution under:
@ n— o0
e p—0
e np = ), a finite constant
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Definition of Poisson Distribution

A random variable X follows Poisson distributiﬂ if it assumes an indefinite number of non-negative integers and:
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A random variable X follows Poisson distribution if it assumes an indefinite number of non-negative integers and:

e AN
P(X =x)= x!
0, elsewhere

. x=0,1,2,..., A>0
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Definition of Poisson Distribution

A random variable X follows Poisson distribution if it assumes an indefinite number of non-negative integers and:

e AN
P(X =x)= x!
0, elsewhere

. x=0,1,2,..., A>0

Where:

@ )\ = mean number of occurrences in a fixed interval.
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Definition of Poisson Distribution

A random variable X follows Poisson distribution if it assumes an indefinite number of non-negative integers and:

e AN
P(X =x)= x!
0, elsewhere

. x=0,1,2,..., A>0

Where:
@ )\ = mean number of occurrences in a fixed interval.

@ e~ 2.7183, base of natural logarithm.
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@ The rth order moment about origin of Poisson variate X is:

gy =EX")=> x"-P(X = x)
x=0

@ For first moment (mean), r = 1:
e~ A\X

x!

o0
pp= x
x=0
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@ The rth order moment about origin of Poisson variate X is:
o0
1= E(X7) = 3% P(X = x)
x=0

@ For first moment (mean), r = 1:
e~ A\X

x!

@ Simplifying:
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ts of Poisson Distribution

@ The rth order moment about origin of Poisson variate X is:

oo
1= E(X7) = S_x7 - P(X = x)
x=0
@ For first moment (mean), r = 1:

@ Simplifying:

@ . Mean = \
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Second Moment ., of Poisson Distribution

@ Start with the definition:
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Second Moment ., of Poisson Distribution

@ Start with the definition:

@ Use identity x? = x(x — 1) + x:
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oment (i, of Poisson Distribution

@ Start with the definition:

@ Use identity x? = x(x — 1) + x:

s 7)\)\)(
=3 xx - 1)+ S
x=0
@ Split into two sums:
> e—/\ X oo e—)\)\x
= Z x(x —1) — X |
x=0 X x=0 X
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oment (i, of Poisson Distribution

@ Start with the definition:

@ Use identity x? = x(x — 1) + x:

e —A )X
= -1+ S
x=0
@ Split into two sums:
el e—/\ X oo e—)\)\x
= Z x(x —1) — X |
x=0 X x=0 X
@ Change index for first term (x > 2):
et 7>\)\x el 7)\)\)(
=D 1) S xS
x! x!
x=2 x=0
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Second Moment ., of Poisson Distribution

@ Factor common terms:

N =N VR
=e Z(X—Z)!+Z
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Second Moment ., of Poisson Distribution

@ Factor common terms:

@ Recognize exponential series:
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@ Factor common terms:

@ Recognize exponential series:

@ Use identity: 352 A% = &*

x=0 xI
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@ Factor common terms:

@ Recognize exponential series:

@ Use identity: 352 A% = &*

x=0 xI

@ . Second raw moment:
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Variance of Poisson Distribution

@ Variance is defined as:
Var(X) = uh — (1)
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riance of Poisson Distribution

@ Variance is defined as:
Var(X) = uh — (1)
@ Substituting values:
Var(X) = A2+ A — X2 =)\
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riance of Poisson Distribution

@ Variance is defined as:
Var(X) = uh — (1)
@ Substituting values:
Var(X) = A2+ A — X2 =)\

@ . For Poisson Distribution:

‘ Mean = A, Variance = A ‘
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Third Moment 5 of Poisson Distribution

@ The third raw moment is:
e AN

x!

oo
py=EX®) =3 x*
x=0
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Third Moment 5 of Poisson Distribution

@ The third raw moment is:
e AN

x!

oo
py=EX®) =3 x*
x=0

@ Using the identity:
x3 = x(x —1)(x —2) +3x(x — 1) + x
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Third Moment 5 of Poisson Distribution

@ The third raw moment is:
e AN

x!

oo
py=EX®) =3 x*
x=0

@ Using the identity:
x3 = x(x —1)(x —2) +3x(x — 1) + x

@ Expanding:

> —A)\x
iy = b(x = 1)(x = 2) +3x(x — 1) + 5] - T
=0 X:
—A+B+C
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Third Moment 5 of Poisson Distribution

@ The third raw moment is:

= E(X3) = 3. €
(x?) ;X —

@ Using the identity:
x3 = x(x —1)(x —2) +3x(x — 1) + x
@ Expanding:
—A)\x

Z[X(x—l)(x—2)+3x(x—1)+x]~ €

><

=A+B+C

@ Where:
—A )\x

A= Zx(x —1)(x—2)-

x=0
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Third Moment ;5 of Poisson Distribution: Simplification

@ Simplifying A:

O \x—3
A= 7>\A3 — A3
° ; (x — 3)!

Bindeshwar Singh Kushwaha Understand Poisson Distribution



ird Moment 1; of Poisson Distribution: Simplification

@ Simplifying A:

@ Simplifying B:

Bindeshwar Singh Kushwaha

A 3§: X3 3
A=e "X =
= (x =3)!
A2 A2 2
B = 3e™ =3\
;(x—2)|
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ird Moment 1; of Poisson Distribution: Simplification

@ Simplifying A:

@ Simplifying B:

@ Simplifying C:
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ird Moment 1 of Pois

@ Simplifying A:

@ Simplifying B:

@ Simplifying C:

@ Final Result:

Bindeshwar Singh Kushwaha

A= 67AA3Z 13
= (x =3)!
A 2i A2 2
B = 3e™ =3X
x=2 ( _2)I
oo x—1
C=xe? A =
= (x—1)!

py=A+B+C=24+322+2
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ird Moment 1 of Pois

@ Simplifying A:

A= ef>\A3 Z __ 3
= (x =3)!
@ Simplifying B:
A 2i 2 2
B =3e” =3\
x=2 ( - 2)I
@ Simplifying C:
0o -1
AX
C=xe? =
= (x—1)!

@ Final Result:
py=A+B+C=24+322+2

@ Third order central moment:
3 = ps = 3upp+2(ph)* = A
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Fourth Moment i, of Poisson Distribution

@ The fourth raw moment is:
e AN

oo
/o 4y 4
N4—E(X)—§X' =

x=0
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Fourth Moment i, of Poisson Distribution

@ The fourth raw moment is:
e AN

oo
/o 4y 4
N4—E(X)—§X' =

x=0

@ Using the identity:
x* = x(x—=1)(x=2)(x=3) + 6x(x—1)(x—2) 4+ 7x(x—1) + x
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Fourth Moment i, of Poisson Distribution

@ The fourth raw moment is:
e AN

oo
/o 4y 4
N4—E(X)—§X' =

x=0

@ Using the identity:
x* = x(x—=1)(x=2)(x=3) + 6x(x—1)(x—2) 4+ 7x(x—1) + x

@ Expanding:

e A NX
x!

Uy = Z [x(x=1)(x—=2)(x—3) + 6x(x—1)(x—2) + Tx(x—1) + x] -
0

=A+B+C+D
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Fourth Moment i, of Poisson Distribution

@ The fourth raw moment is:
e AN

oo
/o 4y 4
N4—E(X)—§X' =

x=0

@ Using the identity:
x* = x(x—=1)(x=2)(x=3) + 6x(x—1)(x—2) 4+ 7x(x—1) + x

@ Expanding:

oo —A)\x
py =D [x(x—1)(x—2)(x—3) + 6x(x—1)(x—2) + Tx(x—1) + x] - € .
x=0 !
=A+B+C+D
@ Where:
A=Y D(x—2)(x—3)- X
—ZOX(X— J(x=2)(x=3) - o
oo e—/\>\x
B= 6§x(x71)(x72)v 5
> e AN > e AN
C:?Zx(x—l)- I D:ZX‘ 7
x=0 x=0
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Fourth Moment /i, of Poisson Distribution: Simplification

@ Simplifying A:

A= e**x‘i N e
= (x —4)!
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Fourth Moment /i, of Poisson Distribution: Simplification

@ Simplifying A:

@ Simplifying B:
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O \x—4

A=e M\ =\
SR By,

x=4

=6e A 32 N =63
B < (x=3)!
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Fourth Moment /i, of Poisson Distribution: Simplification

@ Simplifying A:
O \x—4

A=e M\ =\
SR By,

x=4

@ Simplifying B:
N~ 3

B =6e )\ 32( 3 =63

@ Simplifying C and D:

—A2 _ 2 _
2(72 =7)2, D=

Understand Poisson Distribution
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nt 1 of Poisson Distribution:

@ Simplifying A:
7}\ 4 O \x—4
v
@ Simplifying B:
xy3 o A3 3
= 6e” =6\
Yl
@ Simplifying C and D:
-2
=7\, D=2\
—2)!
@ Final Result:

pa=A+B+CHD=X+6)\3+702+ )
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Simplifying A:

A= 7>\A4Z __ 14
= (x —4)!
Simplifying B:
e~ N3 3
B =6e" "X =6)
Y e
x=3

Simplifying C and D:

M2 A2 2
C=T7e ™) =72, D=
R ]
Final Result:
pa=A+B+CHD=X+6)\3+702+ )

Fourth central moment:
pa = py — s + 6pp(p1)? — 3(uy)" =337 + A
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Skewness and Kurtosis of Poisson Distribution

@ Skewness is given by:

A
Skewness = y1 = Bs _ A

1
o3 N2
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Skewness and Kurtosis of Poisson Distribution

@ Skewness is given by:

@ Kurtosis is given by:
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_ .. _ b3 A
Skewness = 1 = V]
L M4 3224\
Kurtosis = v = P
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@ Skewness is given by:

Skewness =y = — = —7s = ——
o

@ Kurtosis is given by:

. pa 322+ 1
Kurtosis = v2 = PR 3

@ Therefore:
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Skewness and Kurtosis of Poisson Distribution

@ Skewness is given by:

M3 A
Skewness = 1 = V]
@ Kurtosis is given by:
N 7 3024\
Kurtosis = v = P

@ Therefore:

o Poisson distribution is positively skewed.
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Skewness and Kurtosis of Poisson Distribution

@ Skewness is given by:

M3 A
Skewness = 1 = V]
@ Kurtosis is given by:
N 7 3024\
Kurtosis = v = P

@ Therefore:

o Poisson distribution is positively skewed.
o It is leptokurtic when A is small.
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Poisson Distribution Plot

Poisson Distribution with A =3
0.4 ! ! ! ! ! ! ! !
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Poisson Distribution: \ =

Poisson Distribution with A = 10
! ! ! ! ! ! !
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Thank You!
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