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@ The moment generating function (m.g.f.) of a random variable X is defined as:

Mx(t) = E(e™)
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@ The moment generating function (m.g.f.) of a random variable X is defined as:

Mx(t) = E(e™)

@ For a continuous random variable:

My (t) = /Oo ™ F(x) dx

—o0
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@ The moment generating function (m.g.f.) of a random variable X is defined as:

Mx(t) = E(e™)

@ For a continuous random variable:

My (t) = /Oo ™ F(x) dx

—o0

@ For a discrete random variable:

Mx(t) = e™f(x)
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Series Expansion of MGF

@ Using Taylor series expansion of etX:

t2x2  3x3 tr X"
+ +ot

tX _
el =1+ X+ — 3l ]
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Series Expansion of MGF

@ Using Taylor series expansion of etX:

t2x2  3x3 tr X"
+ +ot

tX _
el =1+ X+ — 3l ]

@ Taking expectation:

t? tr
Mx(t) =14 tE(X) + EE(Xz) +o 4 FE(x') NI
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Series Expansion of MGF

@ Using Taylor series expansion of etX:

t2X2 N t3x3 tr X"

tX __
el =1+ X+ — 3l ]

@ Taking expectation:
t? tr
Mx(t) = 14+ tE(X) + S E(X?) + -+ —E(XT) + -

@ This is:

where p) = E(X") is the rth moment about origin.
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Generating Moments Using MGF

@ Since MGF generates moments, it is called the moment generating function.
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Generating Moments Using MGF

@ Since MGF generates moments, it is called the moment generating function.
@ Differentiate Mx(t) r times w.r.t. t, then:

T ()| =
der T
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Generating Moments Using MGF

@ Since MGF generates moments, it is called the moment generating function.

@ Differentiate Mx(t) r times w.r.t. t, then:
dr
dtr

o
= Hr
t=0

Mx (t)

@ Example:

d
S Mx(t) = E [xefx] , andat t=0, E(X)
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MGF of Binomial Distribution

@ Let X be a variable following binomial distribution:

n

)= 0« S (e

x=0
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MGF of Binomial Distribution

@ Let X be a variable following binomial distribution:

n

M)((t) — E(etX) — Zetx<n>pan—x
x=0 X
@ Rewrite as:
" /n
=3 (") @y (pet)
x=0 X
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MGF of Binomial Distribution

@ Let X be a variable following binomial distribution:

n

M)((t) — E(etX) — Zetx<n>pan—x
x=0 X
@ Rewrite as:
" /n
=3 (") @y (pet)
x=0 X

@ Combine:
= (e +pe')"
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MGF of Binomial Distribution

@ Let X be a variable following binomial distribution:

n

M)((t) — E(etX) — Zetx<n>pan—x
x=0 X
@ Rewrite as:
" /n
=3 (") @y (pet)
x=0 X

@ Combine:
= (qe* + pet)"
@ Simplify:
= Mx(t) = (qe’ + pe')”
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MGF of Binomial Distribution

@ Let X be a variable following binomial distribution:
n
n —
M)((t) _ E(etX) — Zetx<x>pan X
x=0

@ Rewrite as:
n

n _

=3 (") @y (pet)

X
x=0
@ Combine:
— (qe* + pe')’

@ Simplify:

= Mx(t) = (qe’ + pe')”
@ Let X ~ Bin(n, p), where g =1 — p, then:

Mx(t) = (g + pe’)"
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MGF of Binomial Distribution

@ Let X be a variable following binomial distribution:
n
n —
M)((t) _ E(etX) — Zetx<x>pan X
x=0

@ Rewrite as:
n

n —X
=3 (") (ae ¥ (pet)”
x=0 X
@ Combine:
= (qe’ + pe’)"

Simplify:
= Mx(t) = (qe’ + pe')”
Let X ~ Bin(n, p), where ¢ =1 — p, then:
Mx(t) = (q + pe’)"

@ Use derivatives of Mx(t) evaluated at t = 0:
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MGF of Binomial Distribution

@ Let X be a variable following binomial distribution:
n
n —
M)((t) _ E(etX) — Zetx<x>pan X
x=0

@ Rewrite as:
n

=3 (") @y (pet)
x=0 X
@ Combine:
— (ge* + pe')"
@ Simplify:
= Mx(t) = (qe’ + pe')”
@ Let X ~ Bin(n, p), where g =1 — p, then:
Mx(t) = (q + pet)”
@ Use derivatives of Mx(t) evaluated at t = 0:
@ Mean (u):
1= My(0) = np
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MGF of Binomial Distribution

@ Let X be a variable following binomial distribution:
n
n —
M)((t) _ E(etX) — Zetx<x>pan X
x=0

@ Rewrite as:
n

=3 (") @y (pet)
x=0 X
@ Combine:
= (ge' + pet)"
@ Simplify:
= Mx(t) = (qe’ + pe')”
@ Let X ~ Bin(n, p), where g =1 — p, then:
Mx(t) = (q + pet)”
@ Use derivatives of Mx(t) evaluated at t = 0:
@ Mean (u):
1= My(0) = np
@ Variance (0?):
o? = MY(0) — (M(0))? = npq
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