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Gradient of Softmax + Cross-Entropy w.r.t Logits

Goal: Compute %. Notation:
Zj

e Logits: z = [z1, 22,. .., 2c]
o Softmax: §i = —&

Zf:l e’
o Cross-Entropy Loss: L = — Zle yilog yi, where y; is one-hot.
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Loss derivative w.r.t Softmax output

oL i
i Vi

Explanation: From % log x = 1/x and negative sign.

Loss

Cross-Entropy
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Softmax derivative is a Jacobian matrix

Softmax:
e’

B Zf:l ek

Observation: The derivative of ¥ w.r.t z is not a simple vector, but a matrix (Jacobian):

~

Yi

o O n
92 9z 7T dzc
89 Y2 Y2 Y2

0z, 0zp °°° Ozc
99c  9¥c 9yc
0z 0zy °°° Ozc
Interpretation:

e Diagonal elements (i = j) show how y; changes with its own logit.

o Off-diagonal elements (i # j) show how y; changes with other logits.
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Softmax derivative w.r.t logits (i=j)
Recall Softmax:

e
Vi= ¢
Zf=1 e

Casel: i=j

89 (Xgoy e™)e’ — % - e
dz; (T e%)?
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Softmax derivative w.r.t logits (i#j)

Case 2: i #]j

a9 0. (Sie*)—efi-ed  en o5
oz (Zy )2 T T enyen Y

Interpretation: Increasing z; decreases y; for i # j because the sum in the denominator
increases.
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Softmax derivative w.r.t logits (compact)

Compact formula:
i _ {9,-(1 — ), i=]
0z; —Yi¥js i#j
Summary:
e The diagonal terms (i = j) are positive, representing self-influence.
o The off-diagonal terms (i # j) are negative, representing the competition between
classes.
@ This is the Jacobian of the softmax function.

Loss

Cross-Entropy
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Gradient of the Loss with respect to z;

We start from: oL
Fyahe (1= 5)+ D yi¥
z; i
i#j

Step 1 (True class j):

—yi(1 =)
Step 2 (Other classes i # j):
>y
i#j

Since only one y; = 1 (true class), all others are 0.
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Simplification of the Gradient

Step 3: Replace the sum. Since Zi#j yi = 1 — y;, we rewrite:

oL . .
oz =—yi(1-3)+ @1 —y)y

Step 4: Expand the terms.
==Y +yi%i+ 5 — YiSi

Step 5: Cancel common terms.
=¥~

Interpretation: The gradient is just the difference between predicted probability ¥; and true
label y;.
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Conclusion

oL .
9z y—y
Summary:
o Gradient is predicted minus target.
@ No need for full Jacobian.
o Efficient for classification tasks.
Loss
y
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Thank You!
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