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@ Input Layer: The network receives 3 input features, denoted x1, X2, x3.
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@ Hidden Layer: 2 neurons in the hidden layer with activations a and a®. Each neuron computes
a weighted sum of inputs and applies an activation function.
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@ Input Layer: The network receives 3 input features, denoted x1, X2, x3.

@ Hidden Layer: 2 neurons in the hidden layer with activations a and a®. Each neuron computes
a weighted sum of inputs and applies an activation function.

@ Output Layer: 2 output neurons z(3), 2(4), which are then passed through softmax to produce
predictions.

@ Softmax Activation: Applied to the output layer to obtain probability predictions yi, ya.
@ Loss Function: Cross-Entropy Loss is used to measure the difference between predicted outputs y

and target labels y.
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Step 1: Hidden Pre-Activation

Loss

X1=1, X2=2, X3:—1
wi =02, wa=-0.3, ws3=0.4, bM =0
ws = —0.5, ws = 0.1, weg = 0.2

0 = wixi + waxa + wixs + bV =02%x1—-0.3%2 + 0.4 %

Cross-Entropy

.5

(=1)+0.5 = —0.3

2 = wax; + wexa + wexs + b = —05%14+0.1%x2+0.2%(—1)+05=10
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Step 2: Hidden Activation (Sigmoid)

Bindeshwar Singh Kushwaha PostNetwork Academy Softmax & Backpropagation 4/24



Step 3: Output Pre-Activation

Loss

Cross-Entropy
Pl

wy = 0.3, wg = —0.1, wg = 0.4, wig = 0.2, b®) = 0.1
z0®) = wya; + woas + b® = 0.3 x 0.426 + 0.4 « 0.5 + 0.1 ~ 0.428
z® = wga; + wigar + b® = —0.1 % 0.426 + 0.2 x 0.5 + 0.1 ~ 0.185
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Step 4: Output Activation (Softmax)

Loss

Cross-Entropy
X
J2 y

oz 0.428
VU= "02® | oz® = g0.428 | g0.185 0.561
4
) oz 0185
= ~ 0.439

V2= G20 | oz T g0.428 4 g0.185
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Step 5: Cross-Entropy Loss

Loss

Cross-Entropy
9/ y

N

L=— _Zy.- In(5:)

For target vector y = [1,0]:
L=—(nn(31) + y2In(52) )
L= —(1-1In(0.561) + 0 - In(0.439)) = —In(0.561) ~ 0.579
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Step 6: Chain Rule for wy (Expansion)

Cross-Entropy

y

Gradient of the loss with respect to weight wy:
aL _ aL 8y 9z0
Ow; 8y 0z0)  Owy

aL
® 55 " _j%
o == 3)
o 9z _ 20
Substituting:
o = (= 5) 301 =540
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Step 7: Simplified Gradient for wy

Loss

Cross-Entropy
y

Using the softmax + cross-entropy simplification:

aL
82(3) =Y1—n

Hence,
oL

O (e _ 1)
oy (y1—n)a
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Step 8: Chain Rule for wg (Expansion)

Loss

Cross-Entropy
y

aL aL oy, 0z09

dws 031 0z0)  Bwg

3
° 8z03) )
Owg
Substituting:
oL yi\ . . 9
=( -2 1— (2
Bwe ( JA{l)yl( y1)a

Bindeshwar Singh Kushwaha PostNetwork Academy Softmax & Backpropagation 10 /24



Step 9: Simplified Gradient for wg

Loss

y
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Step 10: Chain Rule for wg (Expansion)

Inputs @ .
‘ qb qp Loss
Cross-Entropy
y

oL aL 8y, 8z¥

dwy 89, 9z® O

o Ot _ 2

(647 y2

9y _ N

a2 = 92(1—J2)

4
8z(*) - a0
Owy
Substituting:

oL . N
2 ()
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Step 11: Simplified Gradient for wg

Loss

y
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Step 12: Chain Rule for wyg (Expansion)

Loss

Cross-Entropy
y

aL oL 8y, 9z

dwiy 9y 98z  dwyg

4
° 8z )
dwyg
Substituting:
oL ¥\ . . 5
= (=22 1— (2)
Owyg ( f/z)yZ( f2) a
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Step 13: Simplified Gradient for wyg

Loss

y
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Update Rules for Output Weights

Using gradient descent with learning rate n > 0:

- oL
w w—n—
"aw
From previous derivations:
aL . oL N
——=m-ma?, —— =@ -yn)a?
owy Owg
oL . oL -
—— = —-yw)a, = —y)a®
Awy Bwyg

Therefore the update rules are:

‘ wy < wy — 1 (51 — y1) alV) ‘

‘ wg < wg — 1 (1 — y1) a? ‘

‘ wy + wy — 1 (2 — y2) a® ‘

‘ wig < wig — 1 (92 — y2) a® ‘

Output-bias updates (often included):

bgout) - bgout) —q (J?l _ .Vl)a b;out) - bgout) —n (_)72 _ yz)

Bindeshwar Singh Kushwaha PostNetwork Academy Softmax & Backpropagation 16 /24



Step 14: Chain Rule for wy (Expansion)

Gradient of the loss with respect to weight wq:

aL _ aL  9ah) a8z
aw;  8a)  9z()  Buwy

63(1)
8z(1)
8z1)
owy
oL N

9a) (F1 —y1)wr + (52 — y2)wo

Substituting:

= a(l)(]_ —_ a(l))

=x1

oL
== = (91— y)wr + (52 — y2)wo] a®(1 — aD) x
owy
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Step 15: Chain Rule for wy (Expansion)

Gradient of the loss with respect to weight wp:

aL _ aL  9ah) a8z
dwy  8a) 8z()  Ow,

63(1)
8z(1)
8z1)
Ow,
oL . N

9a) (F1 —y1)wr + (52 — y2)wo

Substituting:

= a(l)(]_ —_ a(l))

= x2

oL
== = (91— y)wr + (52 — y2)wo] a®(1 — aD) x,
Owy
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Step 16: Chain Rule for ws (Expansion)

Gradient of the loss with respect to weight ws:

aL _ aL  9ah) a8z
Aws  8a) 9z()  Ous

63(1)
8z(1)
8z1)
Ows
oL . N

9a) (F1 —y1)wr + (52 — y2)wo

Substituting:

= a(l)(]_ —_ a(l))

= x3

oL
== = (91— y)wr + (52 — y2)wo] a®(1 — aD) xg
ows
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Step 17: Chain Rule for wy (Expansion)

Gradient of the loss with respect to weight wy:

aL _ aL 9a® 8z
Owy; 8a® 9z) G,

8a®
8z(2)
8212
Owy
oL . -

920 (F1 — y1)ws + (2 — y2)wio

Substituting:

= 3(2)(1 —_ a(z))

=x1

oL
= [(91 — y1)wg + (§2 — _V2)W10] a®(1 - a®)x
Owy
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Step 18: Chain Rule for ws (Expansion)

Gradient of the loss with respect to weight ws:

aL _ aL 9a® 8z
Bws  8a® 9z02) Ows

8a®
8z(2)
8212
Ows
oL . -

920 (F1 — y1)ws + (2 — y2)wio

Substituting:

= 3(2)(1 —_ a(z))

= x2

oL
= [(91 — y1)wg + (§2 — _V2)W10] a®(1 - a®)x,
Ows
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Step 19: Chain Rule for wg (Expansion)

Gradient of the loss with respect to weight wg:

aL _ aL 9a® 8z
Bwg  08a® 9z02) O

8a®
8z(2)
8212
Owg
oL . -

920 (F1 — y1)ws + (2 — y2)wio

Substituting:

= 3(2)(1 —_ a(z))

= x3

oL
= [(91 — y1)wg + (§2 — _V2)W10] a®(1— a®)x;
Owg
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Reach PostNetwork Academy
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Thank You!
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